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Abstract
We consider the global aspects of the 6-dimensional N = (1,0) theory arising from the coupling of the
vector multiplet to the tensor multiplet. We show that the Yang-Mills field and its dual, when both are abelian-
ized, combine to define a class in twisted cohomology with the twist arising from the class of the B-field, in a
duality-symmetric manner. We then show that this lifts naturally to a class in twisted (differential) K-theory.
Alternatively, viewing the B-field in both N = (1,0) and N = (2,0) theories, not as a twist but as an invertible
element, leads to a descriptionwithin untwisted chromatic level two generalized cohomology theories, including
forms of elliptic cohomology and Morava K-theory.
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1 Introduction
String theory constructions have given rise to many novel 6-dimensional N = (1,0) super-conformal field theories
(SCFTs) [Wi95][St96][SW96][HZ98]. These theories admit the following bosonic field multiplets [Se97]:
1. Vector multiplet: a vector field A.
2. Hypermultiplet: 4 real scalars.
3. Tensor multiplet: a two-form B and a real scalar ϕ . The field strength H corresponding to B is constrained
to be self dual, that is H = ∗H .
Such theories come in many varieties, and various physical approaches to their (physics) classifications have been
proposed [HMV14][Bh15][HMRV15]. These come equipped with additional global symmetries in comparison
with N = (2,0) theories. Topological considerations have proven to be very rich and lead to connections to
invariants of smooth 4-manifolds [GPPV18].
Approaching the N = (1,0) and N = (2,0) theories from more traditional physics angles have led to inter-
esting descriptions (see [Mo12] and references therein). However, in order to uncover structures that exist behind
such theories, one would want to pursue a study from a geometric and topological points of view. Generally, six-
dimensional theories have led to interesting geometric and topological structures, especially ones on the M5-brane
[Sa10] and on the NS5-brane [Sa11c]. One of the main points we advocate here in this note is to change the view-
point on the vector multiplet Yang-Mills fields, leading to novel structures and connections to twisted generalized
cohomology theories.
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There are some similarities between the d = 6, N = (1,0) theory and the heterotic theory in d = 10, in
the sense of existence of Yang-Mills fields with corresponding Green-Schwarz anomaly cancellation phenomena
due to coupling to other fields. Indeed, one has the Green-Schwarz-West-Sagnotti anomaly cancellation in six-
dimensional supergravity coupled to vector multiplets [GSW85][NG86][Sg92][Ho06][KMW10][OSTY14][In14]
[MMP18].
The tensor multiplet field H3 interacts with the above Yang-Mills in an interesting fashion. In our set-up, H3
will take on the role of a twist for the above fields. However, the Yang-Mills fields being nonabelian are not
directly amenable to a description using (twisted) generalized cohomology. Nevertheless, we adopt the strategy
from [Sa09] to abelianize the fields which look otherwise like Yang-Mills fields to bring out their generalized
cohomology aspect. What makes the fields change nature in a sense is the fact that they couple to other fields in a
process akin to the Chapline-Manton coupling [CM83]. This is similar to we did for the heterotic case in [Sa09],
and these abelian fields have recently been derived from first principles via super homotopy theory [FSS19b]. The
proposal in [Sa09] then led to the construction of twisted versions of generalized cohomology theories, namely
Morava K-theory and E-theory with higher twists [SWe15] and is an ingredient in the consistency of the recently
uncovered novel T-duality in M-theory [SS18].
Six-dimensional N = (1,0) supergravity theories with abelian gauge group have been studied in [PT12].
Such a context can also lead to constraints. For instance, in [LRW18], it is shown that the structure of anomaly
cancellation implies that an abelian gauge theory in six dimensions cannot exist in absence of gravity, in which
case it is inconsistent as a gauge theory.
The abelianized gauge fields will be described at the level of differential forms, by the de Rham complex.
We then promote to a description in de Rham cohomology and integral cohomology, upon invoking integrality
conditions traced back to the fact that their nature as gauge fields. These abelian Yang-Mills (or Maxwell) fields
will then be candidates for lifting to generalized cohomology theories, the most transparent being K-theory. We do
so by demonstrating the vanishing of the corresponding obstructions.
While generally for the N = (2,0) we have the class H3, which would be a candidate for a twist, in that case
there are no fields in sight to be twisted by it. In contrast, the N = (1,0) provides a candidate for what would be
twisted, namely the Yang-Mills fields arising from the vector multiplet.
From a conceptual perspective, one wonders whether there is a canonical description of the B-field on the
worldvolume. From one angle, the work [MS15] looked at the effect of the B-field on the worldvolume as leading
to noncommutativity resulting in a new perspective on S-duality. Here we provide another angle. We hope that
by looking at different perspectives and assembling them, a more complete and coherent picture will ultimately
emerge.
Alternatively, we could ask whether H3 can be interpreted not as a a twist, but as an element in some untwisted
cohomology theory. This was considered in the context of S-duality in type IIB string theory in [KS05a], where
twisted K-theory was demonstrated to not be compatible with S-duality and that an interpretation that goes beyond
such a description is needed. One proposal there was to view it as an invertible element in some chromatic level
two generalized cohomology theory. We find that similar arguments can be invoked in our current context of
6-dimensional theories.
Since we are considering only one element, rather than a collection assembled via periodicity into a bigger
total field of a uniform degree, the most natural approach is to view H3 as an invertible element, i.e., as that
special element given as a higher analogue of a line bundle. Being in cohomological degree three, the natural
candidate theories will be at chromatic level two (as opposed to it being one for K-theory at chromatic level one).
Such theories include Morava K-theory K(2) and forms of elliptic cohomology, such as Morava E-theory E(2),
algebraic K-theory of the topological K-theory spectrum Kalg(Ku), and topological modular forms tmf. This part
does not essentially involve the vector multiplet (except for cancelling mixed anomalies) and so applies to both
N = (1,0) and N = (2,0) theories.
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Asking for a family of generalized cohomology theories to be twisted by a gerbe of any cohomological degree
has led to construction of twists of iterated algebraic K-theory of topological complex K-theory, which models
higher vector bundles [LSW19].
This is also, indirectly, related to twisted spectra, as we will consider a map which is essentially a looping of
the map defining the universal twist for the spectra under consideration.
This note is organized as follows. In §2 we provide the setting in terms of abelianized fields, written as a
components of a total field to be twisted, and action functionals, whose variations lead to equations of motion
that we arrange in a suggestive manner to lend themselves to a geometric and topological interpretations in the
following section. Indeed, in §3 we interpret these expressions as the vanishing of certain twisted differentials in
twisted de Rham cohomology. We then lift these to twisted K-theory and then to twisted differential K-theory,
demonstrating explicitly the vanishing of the obstructions, which leads to state our main result. Finally, in §4 we
provide a second take on the description of the fields in the tensor multiplet as invertible elements in untwisted
chromatic level two cohomology theories. We also also highlight the relation to twisted K-theory from which we
transition smoothly.
2 The abelian gauge theory and the combined field strength
Considering the gauge field F2 and its dual F4 := ∗F2 in the N = (0,1) theory as a unified field F , we show that
the equations of motion at the rational level takes on a form that leads to a twisted differential.
There is a similarity to the heterotic theory in the existence of a link between the H-field H3 and the Chern-
Simons form of the gauge theory via the Manton-Chapline coupling [CM83][BdRdWvN82]. In that setting, in
[Sa09] it was proposed that the gauge field F2 and its 10-dimensional dual F8 := ∗10F2, being related to H3 that
way, should lead to an interpretation in terms of generalized cohomology.
We can choose not to impose self-duality on H3 or, alternatively, consider a pseudo-action which yields the
equations of motions for the tensor fields which still need to be additionally restricted by imposing (anti-)selfduality
constraints [NS97][FRS98][RS98][Ri00][GSS11][SSW11]. The action functional with which we start is (see
[KKP16])
S6 =
1
2
∫
M6
H3∧∗H3+
√
c
∫
M6
(
−φ tr(F2∧∗F2)+B2∧ tr(F2∧F2)
)
(1)
where ∗ is the Hodge operator in six dimensions, φ is a scalar, and c is a constant that depends on the gauge group
and the number of flavors N f . For SU(N), this is c = 4N−N f . The field H3 is given by H3 = dB2+
√
cCS3(A),
where CS3(A) is the Chern-Simons form for the gauge potential A with the Yang-Mills field strength F2.
As in [Sa09], we would like to consider the case where the Yang-Mills group, G in the classifications [HMV14]
[Bh15][HMRV15][MMP18][MM18], is broken down to an abelian subgroup. That is, we are in the Coloumb
branch of the 6-dimensional theory. We assume that the manifold M6 is such that this breaking via Wilson lines
is possible, say down to (a subgroup of) the Cartan torus. For the abelian case, the second Chern class is trivial in
cohomology, so that the second Chern form tr(F2∧F2) becomes essentially F2∧F2, as the trace results in valued-
ness in an abelian lattice, but also that this 4-form is exact and trivialized by a 3-form. Furthermore, we have N = 1,
so that c= 4−N f . This already restricts the number of flavors allowed.
Let us then consider the resulting pseudo-action of the form 1
S=
∫
M6
H3∧∗H3+
∫
M6
F2∧∗F2+
∫
M6
B2∧F2∧F2 , (2)
with a Chapline-Manton coupling H3 = CS3(A), and where we have set the scalar field to have a constant value
φ =− 1
2
√
c
. Of course, we could carry this with us with obvious multiplicative shifts in the fields below.
1We often drop numerical factors which do not affect the results we are after.
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In order to work our way through, we consider two stages, depending on whether or not we include the anomaly
term, which is either the last term in (2) or the more general term
∫
M6 B2∧Y4, where Y4 is a more general 4-form
discussed below. Hence we allow for three cases.
Case 1: No anomaly term. Varying the action (2) (excluding the last term) with respect to B2, we get the
equation of motion
d ∗H3 = 0 . (3)
In addition, we have the ‘Bianchi identity’ dH3 = 0, also obtained from self-duality. Note that these equations are
what one would also obtain in the N = (2,0) theory. Let us next vary the action with respect to the gauge field A
in order to get the gauge field equation of motion. We have (assuming the abelian case)
δS
δA
= ∗H3∧F2−d ∗F2 , (4)
which implies the equation for the gauge field,
(d ∗−∗H3∧)F2 = 0 . (5)
We would like to manipulate this equation to put it in a more suggestive form. Namely, in order to write the
operator as (d−O), we define the combined or total curvature
F := F2+∗F2 = F2+F4 (6)
of the gauge field strength and its dual. The gauge field equation will then be written as
(d−∗H3∧)F = 0 . (7)
This suggests that the combined object F is the analog of the situation in the case of the Ramond-Ramond (RR)
fields FRR in type II string theories which combines all fields of the same Z2 parity (see [Fr00][Sa10]), as well as
of the heterotic gauge field and its dual as Fhet = F2+F8 [Sa09].
Case 2: Inclusion of the gauge anomaly term. Next, we add the anomaly term
∫
M6 B2∧F2∧F2 back into the
action (2). In this case, the EOMs for the B-field and its dual are
d ∗H3 = c tr(F2∧F2) and dH3 = c tr(F2∧F2) . (8)
As indicated above, we need to abelianize the anomaly term tr(F2 ∧F2). Again, this is the second Chern form,
which should be exact, reflecting the fact that the corresponding class c2 is trivial in cohomology.
While this is somewhat restrictive, we can nevertheless arrange for F2∧F2 to be zero as a differential form. For
instance, in the limiting case of flat space R6 with coordinates x,y,z,u,v,w, the 2-form F2 = dx∧dy wedge-squares
to zero. More generally, we can take F2 to be reduced in the following sense. Take F2 ∈ Λ2R6, but consider a
vector subspace Rm ⊂ R6, m < 6, such that F2∧F2 ∈ ΛmR. If we make m to be smaller than the rank of the form
F2∧F2, i.e. m < 4, then F2∧F2 = 0 as a form. We can transparently extend this to nontrivial manifolds, where
now F2 ∈ Λ2TM for a manifold M. While we can arrange for F2∧F2 to be zero by choosing coordinates as above,
we are also again guaranteed this by reducing the tangent bundle to a sub-bundle of rank 3. For instance, we
can consider the case when our manifold is a product M6 = X3×Y 3, with a reduction of the tangent bundle as
TM6 = TX3⊕TY 3, and taking components correspondingly.
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Case 3: Inclusion of the mixed anomaly term. This case is much more transparently analogous to the heterotic
setting indicated above (provided some inessential complications are set aside). Considering all anomalies at once
requires the anomaly term to take the form [MMP18][MM18]∫
M6
B2∧Y4 ,
whereY4 ∈Ω4(M6;g) is a 4-form with values in the Lie algebra g=
⊕
I u(1)
I of abelian structure group G=U(1)r.
Here r is the rank, which is less or equal to the dimension of the maximal torus of the original non-abelian structure
group we have abelianized. The physical interpretation of g is through the (charge) lattice ΛR, and Y4 takes the
general form [MMP18][MM18]
Y4 =
1
4
ap1+
1
2 ∑
I
bIIc
I
1c
I
1 , (9)
where p1 is the first Pontrjagin class of M
6, cI1 are the Chern-Weil representatives of the first Chern class, and the
vectors a,bII ∈ ΛR are the abelian anomaly coefficients. These vectors satisfy explicit intricate constraints, which
include, for instance, 6a ·bII ∈ Z and b2II +2a ·bII ∈ 4Z. In this case, we will have
dH3 = Y4 . (10)
Hence, we will have the desired condition, i.e., the closedness of H3, whenever we can arrange for Y4 to vanish.
Generally, as explained in [PT12][MMP18], explicitly finding configurations satisfying the constraints associated
with the mixed anomaly cancellation is a nontrivial task. Consequently, we will not attempt to specify the corre-
sponding data, especially that our results will not depend on the precise numerical factors involved, and instead we
will be content that this is possible to arrange, ensuring that our constructions below will go through.
Remark 2.1 (Higher structures from anomaly cancellations). While we are mainly interested in the stronger con-
dition of vanishing ofY4 as a differential form, we comment on the structures obtained from requiring the vanishing
of the cohomology class corresponding to Y4, i.e., having the expression (10) satisfied.
(i) Note that conditions of the form 1
2
p1+α4= 0 are examples of twisted String structures [Wa08][SSS09] [SSS12]
when α4 is an integral class. Hence we require a twisted String structure onM
6, which is a weakening of the notion
of a String structure. These aspects will be described in detail, and from a slightly different angle, in [SW19b].
(ii) When α4 is not an integral class, we would have a rational twisted String structure. Such structures are
discussed extensively in [SW18][SW19].
(iii) Since α4 is proportional to the product c
2
1 of first Chern classes, the twist takes on a special form. For specific
values of the parameters, this is an instance of a Stringc structure [CHZ11][Sa11b], as a special case of more
general constructions [SSS12][Sa11b].
3 Description in twisted (differential) cohomology and twisted (differential) K-
theory
In this section we build on the suggestive descriptions in §2 and uncover the underlying cohomology one step at a
time, starting with twisted de Rham cohomology and working our way up leading to twisted differential K-theory.
Note that a somewhat similar procedure for the heterotic case led to higher twists [Sa09] which were lifted to
twisted Morava K-theory and E-theory in [SWe15], thereby twisting the description of M-theory and type II string
theory via the untwisted forms of these generalized cohomology theories [KS04].
We highlight one interesting effect, nasmely that the twist can arise from the dual field. This is, however,
similar to what happens in the heterotic case, except that there the dual field is of degree seven [Sa09]. If we are
able to apply the self-duality constraint at the level of equations of motion but not at the level of action, then we
would trade off ∗H3 for H3 and we would get the familiar degree three twisting of the de Rham complex. We will,
however, keep the discussion general.
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The differential complex. Let us first check whether the above discussion leads to a differential complex. We
straightforwardly compute the square of the shifted differential from (7),
(d−∗H3)2 = d2+∗H3∧d−∗H3∧d−d ∗H3∧+∗H3∧∗H3∧ (11)
= d ∗H3∧ ,
whereas for the case of twisting with H3, we would get
(d−H3)2 = dH3∧ . (12)
From the 6-dimensional Green-Schwarz anomaly cancellation [GSW85][NG86][Sg92][Ho06][KMW10][OSTY14]
[In14][MMP18][MM18], this will be proportional to the topological term in (8) or (10). However, as explained in
each case in §2, we can arrange for the right-hand-sides to vanish as differential forms. We then have dH3 = 0, so
that the form H3 lifts to a cohomology class [H3], which can be a candidate for twisting a generalized cohomology
theory.
The twisted de Rham complex. As we have just seen, in all three cases, the right hand sides of the expressions
for dH3 (and their dual) can be arranged to be zero. As a consequence, we indeed have a twisted differential as
well as a corresponding twisted de Rham complex
Ω2(M6)⊕Ω4(M6) dH // Ω3(M6)⊕Ω5(M6) ,
where dH is either of the above two differentials, i.e., either d+H3∧ or d+∗H3∧. We denote by ΩidH (M6;R) the
space of dH-closed differential forms of total degree i on M
6.
Duality-symmetric twists. From the action (2), we can also consider the variation with respect to A and imposing
the Chapline-Manton condition H3 = F ∧A. In this case, we get (up to numerical factors)
dF4+h3∧F2+∗H3∧F2 = 0 .
This, together with the Bianchi identity dF2 = 0, point to a duality-symmetric differential of the form
(d+H3∧+∗H3∧)F = 0 .
Indeed, calculating the square of
dH+∗H := d+H3∧+∗H3∧
yields zero, d2H+∗H = 0, ensuring that we can build a duality-symmetric de Rham complex. Note that this is
analogous to a more general (graded nonlinear) case for the M-theory fields G4 and G7 := ∗11G4 developed in
[Sa06][Sa10].
The twisted periodic de Rham complex. Let R = R[[u,u−1]] be a graded ring where u is a generator of degree
two. To include periodicity, we use the combination
F = u−1F2+u−2F4, (13)
where u is the Bott periodicity generator of degree two. The above expression has a uniform degree zero. Let
dH3 = d−u−1H3 be the twisted de Rham differential of degree one. We denote by ΩidH3 (M
6;R)[[u,u−1]] the space
of dH3 -closed differential forms of total degree i on M
6 in the periodic case. Here, as above, H refers to either H3
or ∗H3 or H3+∗H3.
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Twisted periodic de Rham cohomology. The above expression defines an element in twisted 2-periodic de
Rham cohomology
[F ] ∈ H∗(M6;H3)[[u,u−1]] = kerdH3
Im dH3
,
and similarly for d∗H = d+ ∗H3∧ and dH+∗H = d+H3∧+ ∗H3∧. Now that the similarities are becoming clear,
in the sequel we will explicitly illustrate the first case (i.e., H3), with the understanding that the second and third
cases (i.e., ∗H3 and H3+∗H3) work analogously.
Lift to integral cohomology. We now arrive at a very subtle point. A priori, differential cohomology requires
curvature with integral periods. 2 In parts of the literature (see [MM18] and references therein), it is assumed
that the self-dual fields in the gravitational and tensor multiplets are described by ordinary (differential) cohomol-
ogy, leaving open the possibility of extension to generalized (differential) cohomology. This can be justified by
integrality conditions on the fields
∫
Σ2
F2
?∈ Z and
∫
Σ4
∗F2
?∈ Z ,
for Σ2 and Σ4 representing appropriate 2-cycles and 4-cycles, respectively. This would be indicating electric and
magnetic flux quantization, so that one can proceed from a description via de Rham forms/cohomology to one with
integral periods. However, while integrality of F2 might be justified, that of F4 might not be as clear. The spectral
sequence developed in [GS19b][GS19c] give precise characterizations in such situations, and more generally for
RR fields, but as we have shown above the current system is formally analogous, so that we are able to tap into
those detailed results and constructions, which turned out to be quite surprising and subtle for higher degrees. For
degree two, it is what one would hope for, i.e.,
[F2] mod Z= 0 ⇒ [F2] is integral ⇒ can be refined to a differential class F̂2 .
The situation for higher degree components, here for F4 (and in the RR case [GS19c] for F4 through F10). We
are not guaranteed that this component a priori has integral periods, so that we cannot say that it lifts to a
Deligne/differential cohomology class. However, the Atiyah-Hirzebruch spectral sequence (AHSS) for twisted
differential K-theory does give the desired conditions [GS19c], highlighting differences between the flat part and
the form part, which we will describe below.
Lift to twisted K-theory. We now investigate whether we can lift the above class [F ] to twisted K-theory. In
that case, u would acquire the interpretation as the Bott generator u ∈ K(S2). There is a twisted Chern character
map
K(M6;H3)
chH3
// H∗(M6;H3)[[u,u−1]]
lift?
hh
whose ‘inverse’ is the required lift. The lift is a priori obstructed and is governed by the differentials in the Atiyah-
Hirzebruch spectral sequence (AHSS) for twisted K-theory. We need to check that, on the cohomology classes
[F2], [∗F2], and [H3], corresponding to the form fields F2, ∗F2, and H3, respectively, we have
Sq3[F2]+ [H3]∪ [F2] ?= 0 ∈H5(M;Z) , (14)
Sq3[F4]+ [H3]∪ [F4] ?= 0 ∈H7(M;Z) . (15)
The second equation certainly holds as it has total degree seven, which is greater than the dimension of our manifold
M6. For the first equation, we have Sq3[F2] = 0 by dimension and property of the Steenrod square of a given degree
2although there are variants, but they are not what one means generically by the term.
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acting on classes of a lower degree, which leaves us with establishing [H3]∪ [F2] = 0. This says that the cup product
of the two cohomology classes is trivial, so that at the level of differential forms, H3∧F2 is an exact form. This is
indeed compatible with the trivialization arising from the equation dF4−H3∧F2 = 0, as a component of (7).
Therefore, both of the above equations (14) and (15) hold, and we do indeed have a lift of [F ] to twisted
K-theory of M6. Hence, we have a natural twisted K-theory class on M6 arising from the interaction between the
Yang-Mills fields from the vector supermultiplet and the B-field arising from the tensor supermultiplet. Note that
torsion classes do arise in global anomaly cancellation (see [MM18]), but we have obtained a lift without having
to explicitly deal with them here.
Lift to twisted differential K-theory. Here we promote the classes [F2] and [F4] to differential cohomology
classes F̂2 and F̂4, respectively, twisted by a gerbe with connection Ĥ3, whose curvature is given by the class
[H3]. The lift of elements in twisted differential cohomology (or twisted Deligne cohomology) [GS18b][GS19a] to
twisted differential K-theory has been characterized in great detail in [GS19b][GS19c]. The condition for lifting
a degree n differential cohomology class F is generically and schematically (but with subtleties indicated below)
given by
(Ŝq
3
+ Ĥ3∪DB)F̂ = 0 ∈ Bn+3U(1)∇ ,
where
• ∪DB is the Deligne-Beilinson cup product in differential cohomology (see [FSS13][FSS15a]),
• Ŝq3 is the differential refinement of the Steenrod square Sq3 constructed in [GS18a],
• Ĥ3 is the gerbe with connection whose cohomology class is [H3] with differential form representative H3
(see [GS19b]),
• and Bn+3U(1)∇ is the moduli stack of U(1) (n+ 3)-bundles (or abelian (n+ 2)-gerbes) with (n+ 1)-
connection ∇ (see [FSSt12][FSS13][FSS15a], and [FSS19a] for a review).
In components, we have for our specific fields,
Ŝq
3
F̂2+ Ĥ3∪DB F̂2 = 0 ∈ B5U(1)∇ , (16)
Ŝq
3
F̂4+ Ĥ3∪DB F̂4 = 0 ∈ B7U(1)∇ , (17)
which is a condition of triviality of a composite geometric 4-bundle (or 3-gerbe with 4-connection) and a composite
geometric 6-bundle (or 5-gerbe with 6-connection), respectively.
Remark 3.1 (Subtleties). (i) There are subtleties related to having the fields one starts with to be integral cohomol-
ogy classes. As indicated in the discussion of lifting to integral cohomology above, the twisted differential AHSS
gives the condition
a([F4]) = Ŝq
3
(F̂2) ,
where a :Ω4(M6)−! Ĥ5(M6;Z) is the inclusion of the 5-bundles with globally defined connection 4-forms. Since
we do not have F6, the next expression we have is
a(F6) = 0= j2Sq
2
(F4)
where Sq
2
is an operation which is well-defined on half-integral classes and only well-defined on the E3-page of
the twisted differential AHSS. This cannot be modified to Ŝq
3
unless [F4] is in fact integral, in which case it does
describe a Deligne class, and the above equation reduces to Ŝq
3
(F̂4). The twisted equation, instead of (16), then
looks like
Ŝq
3
(F̂2)− Ĥ3∪ F̂2 = a(F4) , (18)
which, at the level of curvatures, gives dF4+H3∧F2 = 0.
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(ii) One point to highlight here is that, without the addition of the anomaly term in the action, the exponentiated
action is manifestly anomalous just by virtue of the K-theoretic interpretation. Indeed, we just saw by the above
discussion that F4 does not necessarily have integral periods. Varying the K-theory class of the F’s in the action
will thus result in not necessarily integral jumps on the moduli space of fields, leading to an anomaly. The term
B2∧Y4 is meant to fix this, so that the combination is integral, i.e., what the twisted Chern character is meant to do.
Hence, by the above discussion that builds on the general results in [GS18a][GS19c], we have that the validity
of (14) and (15) ensure, respectively, the validity of expressions (16) and (17) (or (18) in the non-integral case).
Subject to the above discussion, we collect together our results thus far in the following:
Theorem 3.2 (Characterization via twisted cohomology). Consider the Yang-Mills fields in six-dimensional N =
(1,0) theory with a tensor multiplet, including the B-field H3. When abelianized (and subject to constraints from
§2), we have for the total field F := u−1F2+u−2 ∗F2 = u−1F2+u−2F4:
(i) (Twisted de Rham) The class of F is [F ] ∈ H∗(M6;H)[[u,u−1]], where the twist is given either by the closed
form H3, its Hodge dual ∗H3, or their combination H3+∗H3.
(ii) (Twisted K-theory) The class [F ] lifts to a class FKH in twisted K-theory K(M
6; [H]), where the twist [H] is
given by the class [H3], its dual [∗H3], or the combination [H3+∗H3] = [H3]+ [∗H3].
(iii) (Twisted differential K-theory) The class FKH lifts to a class F̂ in twisted differential K-theory K̂(M
6;Ĥ),
where Ĥ is the differential cohomology class whose curvature class is either [H3], [∗H3], or [H3+∗H3], where
in the non-integral case we require condition (18) to hold.
4 Description using untwisted higher cohomology theories
The discussion in this section applies to both N = (1,0) and N = (2,0) theories and, to a large extent, both type
IIA and type IIB string theories. The analysis is also preliminary as a full description requires dealing with torsion.
On the one had this would be very rich, while on the other hand it would be highly nontrivial in the absence of a
good understanding of those aspects of the six-dimensional theories, and hence such a study would inevitably need
to go beyond the scope fo this note.
We discuss whether another interpretation of (the refinement of) H3, not as a twist, but as an invertible element,
i.e., a higher (categorical/cohomological) degree analog of a line bundle. Mathematically, this would be an ele-
ment in the Picard group of the corresponding cohomology theory – see [SWe15][LSW19][GS19b] for extensive
discussions.
Issues with incompatibility of twisted K-theory and S-duality in ten dimension [KS05a] have led to the proposal
that the Ramond-Ramond (RR) fields might live in an untwisted cohomology theory, where the Neveu-Schwarz
(NS) field is considered simply as an invertible element in that theory. Note that while S-duality in six dimensions
does not necessarily lead to such incompatibilities (yet there is self-duality issues), the putative interpretation
nevertheless is a possibility that could be entertained, especially in the absence of a proper understanding of the
N = (1,0) and N = (2,0) theories. Note that S-duality in six dimensions can be treated in a novel way via
noncommutative geometry [MS15].
In the case of K-theory, line bundles are invertible elements of the theory. They are classified by the first Chern
class c1 in cohomological degree two and correspond to maps from the classifying space BU(1)≃CP∞, which has
the same homotopy type as the Eilenberg-MacLane space K(Z,2), to the K-theory spectrum K . Such a map is
reminiscent of the map K(Z,3)! BGL1(K ) defining the determinental twist of the theory.
Next we look at the case at hand, which is for H3. Topologically, we are in cohomological degree three, so we
seek the existence of maps from K(Z,3) to a spectrum E corresponding to some generalized cohomology theory
E•(M6). Such a maps can be related to maps arising from the twists of the spectrum E ,
universal twist : K(Z,4)−! BGL1(E ) .
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So now, our task is reduced to identifying natural candidate spectra E which admit twists of degree four. 3 We
indeed identify four cohomology theories corresponding to such spectra, and provide arguments for the relevance
of each. These are
(i) topological modular forms (tmf);
(ii) Morava K-theory K(2);
(iii) Morava E-theory E(2);
(iv) Algebraic K-theory of the topological complex K-theory spectrum Kalg(K ).
Note that the first three [AHS01][JW75] arise in chromatic homotopy theory as being at chromatic level two, while
the fourth is at categorical level two (see [LSW19]) and is proposed to be a form of elliptic cohomology [BDR04].
Note that this is somewhat analogous to viewing a closed form in two different ways, leading to two different
interpretations, namely as either a flat n-connection in n dimensions or as an n-curvature in n+ 1 dimensions
(see [Sa14][FSS13]), which involves a transgression or a shift in degree by one. In the current case, we have a
shift in degree as well, instead of viewing a closed form as corresponding to a map from K(Z,n)! BGL1(E ))
corresponding to the twist, we view it as a map K(Z,n)! E , which is off by one degree due to delooping.
This is for the M5-brane theory. Here we do something analogous, but with different approach and tools.
From twisted K-theory to topological modular forms. The determinantal twists of K-theory can be included as
“elliptic line bundles” in the theory of topological modular forms [Do06][KS05a]. 4 There is a map K(Z,3)! tmf
coming from the String orientation. A twist of K-theory of the form M6 ! K(Z,3) gives rise to an element of
tmf(X) by composition M6!K(Z,3)! tmf. The mapM6!K(Z,3) corresponds to a BS1 bundle overM6 which
can be described geometrically as a 1-dimensional 2-vector bundle, hence a higher notion of a line bundle. This is
generalized considerably in [LSW19]. Note that this map can also be seen from twisted tmf and the existence of a
map K(Z,4)! BGL1(tmf) [ABG10], building on proposals of the author (see [Sa06][Sa10]).
From modularity and F-theory [KS05b] and S-duality in type IIB [KS05a], it was proposed that tmf should
play an important role in formulating type II theories. In [Sa10] it was argued that topological modular forms (tmf)
[AHS01] plays a role for M-branes and indeed twisted string structures have been identified on the worldvolume
[Sa10][Sa11b][Sa11b]. Recently, on the field theory side, which is more directly relevant to our discussion here,
there has been an interesting connection to tmf [GPPV18].
Relation to Morava K-theory and E-theory. The investigations in [Sa09] have led to proposing that Morava
K-theory K(2) and E-theory E(2), which had proven their value in anomaly cancellation in M-theory and type
IIA string theory [KS04], can be twisted by higher degree twists than those appearing traditionally in string theory
using K-theory. Indeed, this was proved in vast generality in [SWe15] at every chromatic level and for any prime
p. The twists are given by maps
K(Z,4)−! BGL1(K(2)) and K(Z,4)−! BGL1(E(2))
Correspondingly, we have maps K(Z,3)! K(2) and K(Z,3)! E(2), interpreting elements of cohomological
degree three as invertible elements in these theories. Thus, the integral cohomology class [H] corresponding to
either H3, ∗H3, or H3+∗H3 can be viewed as an invertible element in K(2) or E(2), i.e., these are the line bundles
in these theories.
3Note that, in practice, for the purpose of twisting theories, the logic is the other way around. However, since for our purposes we are
trying to detect existing theories rather than provide new twists, and our focus is the current physics application, we tap into twists that
already exist to deduce the (a priori) underlying maps. Alternatively, such maps can be deduced in a case by case basis, as we also to
some extent do below, but their existence depends on specifics about the theory (String orientation, viewing gerbes as instances of 2-vector
bundles, etc.). Note also that we are in the stable setting, so that looping a map is guaranteed to give a nontrivial map.
4There are various versions of this theory, including periodic TMF and connective tmf. Here we will not make a big distinction, as the
twists and corresponding maps hold equally for both. The same holds for the K-theory spectrum appearing in the algebraic K-theory of that
spectrum Kalg(K ).
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Relation to algebraic K-theory of the topological K-theory spectrum. This is perhaps the theory that might
most easily and explicitly connected to physics, as it is the Grothendieck group of (not necessarily abelian) 2-vector
bundles, hence connecting to the (abelian) 2-bundle description via higher moduli stacks (see [FSS15b] for the case
of M-theory reducing to the heterotic B-field, and [FSS19a] for a gentle review). It was shown in [LSW19] that the
theory Kalg(K ), being at categorical level two, admits twists of cohomological degree four, hence there are maps
K(Z,4)−! BGL1(Kalg(K )) .
Indeed, the corresponding map K(Z,3)!Kalg(K ) is the construction that views a gerbe as a 2-vector bundle (see
[BDR04]). Hence, the classes [H] can be viewed as invertible elements, i.e., 2-line bundles, in the form of elliptic
cohomology Kalg(K ).
Proposition 4.1 (Description via untwisted ‘higher’ generalized cohomology). The tensor multiplet field H, in the
N = (2,0) theory and in the N = (1,0) theory with vanishing anomaly, lifts to an invertible element in untwisted
(i) Topological Modular Forms tmf(M6) via M6! K(Z,3)! tmf;
(ii) Morava K-theory K(2)(M6) via M6! K(Z,3)! K(2);
(iii) Morava E-theory E(2)(M6), via M6! K(Z,3)! E(2);
(iv) Algebraic K-theory of topological complex K-theory Kalg(KU)(M
6), via M6! K(Z,3)! Kalg(KU).
Remark 4.2 (Interpretations and extensions). We highlight the following on the statements in the Prop. 4.1:
(i) In principle, the above statements extends to the differential case. While it is abstractly mathematically guaran-
teed that differential versions of the above theories exist, construction of such has only been carried out for two of
them, namely the Morava theories [GS17]. For these, the first (and only a priori relevant) differential in the AHSS
for these theories has been identified as Q̂2, the differential refinement of the second Milnor primitive Q2 appear-
ing in the AHSS in the topological case [KS04], and built out of the differential Steerod square Ŝq
3
constructed in
[GS18a]. Viewing this as an obstruction, we see that it vanishes by dimension, so that we certainly have a lift to
Morava K-theory/E-theory as well as their differential refinements.
(ii) The discussion on tmf can be viewed as providing further topological support to the interesting proposals
mostly on the modular forms part in [GPPV18]. We hope that combining various angles would lead to a more
complete and nicely emerging picture.
(iii) Note that these theories require working with one prime at a time. However, there are integral versions, for
instance for Morava K-theory [KS04][SWe15].
(iv) For a full consideration and to unpack the consequences explicitly, we would need to include torsion, including
and going beyond the considerations [MMP18]. This deserves to be dealt with elsewhere.
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